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Abstract
The most powerful argument for cross-border investing is the risk reduction due to low 
correlation of world’s stock markets. Risk diversification has become more important as 
financial markets globalize. Today, financial markets are becoming increasingly related 
due to advanced information technology which lowers the transaction costs. Diversifying 
internationally in markets with low correlation with domestic markets reduces the 
systematic risk and investors must be willing to take advantage of these correlations to 
reduce volatility in their portfolios. The paper tries to analyze the long-run relationship 
among seven prominent stock indices using Wavelet theory. The emanating co-
integration results are further substantiated using the Apriori association rule mining.
The findings suggest that there is strong to moderate co-integration among many stock 
markets.

1.0 Introduction
After the inception of stock indices, economists have attempted to explain and forecast 
the movements of indices using macroeconomic fundamentals. Most of these analysis 
techniques are based on the quantitative approach that is often implemented with the 
classical data analysis technique that is ideal for stationary signals (time invariant). 
However, the real data for the stock indices, using tick-by-tick observations obtained, are 
no longer accepted to be stationary. 

Since the conventional statistical methods have proven to be inadequate to describe the 
evolutionary nature of most of the real-world time series data, the research community 
has provided us an alternative perspective of looking into the data by using the signal 
processing approach. The paper uses wavelet transformation to study co-movement of 
stock markets that are highly non-linear and non-stationary dynamic processes. The joint 
time-frequency nature of the wavelet analysis helps to separate the underlying trends 
found in the stock data for identification of local patterns at various at varying time 
granularities and the same is compared with Apriori association rule mining. 

2.0 Co integration of Stock Markets
In an era of increasing globalization, the transmission of movements in international financial 
markets is an important issue for economic policy, especially in periods where markets are highly 
volatile. The determination of diversification strategies by an international investor also depends 
crucially on the nature and magnitude of the relationships existing between different stock 
markets. Thus it becomes important for international investors to understand the interrelations 
among the various markets to diversify risk and to derive high return. The present work tries to 
investigate the relationship the prominent stock markets particularly the Cac40 of France, the 
Xetra Dax of Germany, the FTSE 100 of Great Britan, the Sensex of India, the Nasdaq of USA, 
the HangSeng  of Hong Kong and the Kospi of South Korea.



The selection of these markets has been based on the following sapient considerations-
�ƒ Each business day begins in each financial center, first at Tokyo, to the Asean 

markets, to Europe, to London and further towards New York. Investors can 
respond to currency fluctuations caused by economic, social and political events 
at the time frames they occur (day or night) and hence mitigate their portfolio 
risks.

�ƒ The large capitalization of the indices and the huge volume of shares traded in 
each of the indices.

�ƒ The developed and developing nation status of the countries housing these 
indices.

�ƒ Affiliation of most of these indices to Asean block, European Free Trade 
Agreement (EFTA) and North Atlantic Free Trade Agreement (NAFTA). These 
three primary economic blocks account for 80 percent of the world trade.

The data of the Stock market indices for of the selected countries for a period a period to 10 years 
(1997-2007) totaling to 2,375 days of observations were and tested for existence of long run 
relationships. The data is publicly available at Source: http://finance.yahoo.com. 

The Economic and financial data are intrinsically discrete, and hence the discrete wavelet 
transforms offers a parsimonious and cost effective discrete transformation of the data. 
The wavelet analysis can also differentiate between short (high-frequency) shocks and 
longer (low-frequency) shocks and subsequently their impact on the other markets.

3.0 Wavelet Transform
Transformations are applied to signals/data to obtain further information from them 
which is not readily visible in the raw signal. In time series data, when we plot time-
domain signals, we obtain a time-amplitude representation of the signal. This 
representation is not always the best representation of the signal for most signal 
processing related applications. In many cases, the most distinguished information is 
hidden in the frequency content of the signal. In the conventional methods, the Fourier 
Transform (FT) of a signal in time domain gives the frequency-amplitude representation 
of that signal which reveals the extent of each frequency in the signal. But it does not 
reveal when in time these frequency components exist. This information is not required 
when the signal is stationary where all frequency components exist at all times. Hence, 
the FT is not a suitable technique for a non-stationary signal. 

On the other hand, the Wavelet transform is capable of providing the time and frequency 
information simultaneously, thereby giving a time-frequency representation of the signal. 
Often, a particular spectral component occurring at a particular instant can be of special
interest. In these cases it may be very beneficial to know the time intervals these 
particular spectral components occur. The Wavelet Transform (WT) is a suitable method 
for analyzing non-stationary signals, i.e., whose frequency response varies in time. To 
overcome the non-stationarity, the signal is divided into smaller segments that can be 
assumed to be stationary. For this purpose, a window function "w" is chosen. The width 
of this window must be equal to the segment of the signal where its stationarity is valid. 
In case of wavelet transform, the width of the window changes as the transform is 
computed for every single spectral component, which is probably the most significant 



characteristic of the wavelet transform. This overcomes the problem of resolution (a 
measure of the amount of detail information in the signal) by suitably selecting the 
appropriate window size to capture the detailed information within the signal/data.

In wavelet analysis, the choice of a prototype for generating window functions is 
important. This implies that the functions with different region of support that are used in 
the transformation process are derived from one main function, or the mother wavelet. 
The choice of the mother wavelet is important when analyzing a given time series for two 
reasons. First, the length of the discrete wavelet function determines how well it will be 
able to isolate features to specific frequency intervals. Second, it is being used to 
represent the hidden information contained in time series.

3.1 Discrete Wavelet Transform Coefficients using Haar Wavelets
The Discrete Wavelet Transformation, DWT, analyzes the input signal for different 
frequency bands with different resolutions by decomposing the original signal into a 
coarse approximation and detail information through the coefficients. DWT employs two 
sets of functions, called scaling functions and wavelet functions, which are associated 
with low-pass and high-pass filters, respectively. The decomposition of the signal into 
different frequency bands is simply obtained by successive high-pass and low-pass 
filtering of the time domain signal. The original signal x[n] is first passed through a half-
band high-pass filter g[n] and a low-pass filter h[n] as shown in Figure 1.

h[n]

g[n]

Figure 1: Approximation and Detail Coefficients using DWT

After each filtering, half of the samples/data are can be segregated (or eliminated) as per 
the Nyquist’s rule. Since the high-pass filtered signal has now the highest frequency of 
�Œ������ �U�D�G�L�D�Q�V�� �L�Q�V�W�H�D�G�� �R�I�� �Œ, the signal can therefore be sub-sampled by 2. This constitutes 
one level of decomposition. Output from the high pass filter is downloaded as the Level 1 
Detail D1, and the output from the low pass filter becomes the Level 1 Approximation, 
A1. Starting afresh with A1, the process can be successively repeated as per 
requirements. Again, as h(n) and g(n) form perfect reconstruction filters, the original data 
can be reconstructed from the down-sampled coefficients. With successive filtering, the 
level of frequency resolution increases at the expense of time resolution.

There are a wide variety of popular wavelet algorithms, like Daubechies wavelets, 
Mexican Hat wavelets and Morlet wavelets. The present work adopts DWT using Haar 
wavelet as the mother wavelet as it is the simplest and comparatively computationally 
less intensive. Some of the advantages of Haar wavelet transform are: conceptually 
simple, computationally fast, memory efficient as they can be calculated without a 
temporary array, are exactly reversible without the edge effects unlike the other wavelet 
transforms and are good choice to detect localized information.



4.0 Results from DWT
As stated earlier, The DWT yields two types of coefficients: Approximation Coefficients
and Detail Coefficients. The Detail Coefficientsindicate the short bursts in the financial 
data which are more of impulsive reactions to news and events. On the other hand, the 
Approximation Coefficients denote the average behaviour of the indices in the long run 
and are considered for determination relationship of movement between the stock indices. 
Following the computation of the approximation and detail coefficients, the 
approximation coefficients were also subjected to SPSS for determining the pair wise 
correlation coefficients between the indices. The plots of coefficients from wavelet 
analysis of the stock indices are shown in Figure 2 through Figure 15 where the x-axis 
denotes the serial of the approximation / detail coefficients and the y-axis denotes the 
value of the corresponding coefficients.

Figure 2: Approximation coefficients for CAC 40 Figure 3: Detail coefficients for CAC 40.

Figure 4: Approximation coefficients for FTSE 100 Figure 5: Detail coefficients for FTSE 100



Figure 6: Approximation coefficients for XetraDax Figure 7: Detail coefficients for XetraDax

Figure 8: Approximation coefficients for Sensex Figure 9: Detail coefficients forSensex

Figure 10: Approximation coefficients for Nasdaq Figure 11: Detail coefficients for Nasdaq



Figure 12: Approximation coefficients for HangSeng. Figure 13: Detail coefficients for HangSeng

Figure 14: Approximation coefficients for Kospi Figure 15: Detail coefficients for Kospi

Based on the coefficient of correlation that lies between -1 to +1, the test pairs can be 
objectively classified for strong, moderate and weak long-term correlation based on the 
following corollary(s). The Pearson correlation above 0.75 indicates a Strong 
relationship and that below 0.50 is adopted as a Weak relationship. The Pearson
coefficient between 0.50 and 0.75 is considered as a Moderate relationship. Table 1 
summarizes the pair-wise Pearson correlation coefficient using SPSS 10.0. Table 2
summarizes the cointegration pairs with their respective degrees of association.



Table 1: Pair wise Pearson Correlation coefficients among the stock indices
Sensex Cac40 XetraDax FTSE 100 Nasdaq HangSeng Kospi

Sensex 1.000 .341 .361 .279 .168 .756 .900

Cac40 .341 1.000 .946 .914 .802 .644 .269

Xetra Dax .361 .946 1.000 .825 .833 .695 .345

FTSE 100 .279 .914 .825 1.000 .721 .523 .178

Nasdaq .168 .802 .833 .721 1.000 .534 .233

HangSeng .756 .644 .695 .523 .534 1.000 .749

Kospi .900 .269 .345 .178 .233 .749 1.000

Table 2: Degrees of Cointegration among stock indices using DWT
Stock Indices Degree of Association

Sensex- Cac40 Weak
Sensex-Xetra Dax Weak

Sensex-FTSE 100 Weak
Sensex-Nasdaq Weak

Sensex-HangSeng Moderate
Sensex-Kospi Strong

Cac40- XetraDax Strong
Cac40- FTSE100 Strong

Cac40-Nasdaq Strong

Cac40- HangSeng Moderate

Cac40- Kospi Weak
XetraDax – FTSE 100 Strong

XetraDax – Nasdaq Strong

XetraDax – HangSeng Moderate

XetraDax – Kospi Weak

FTSE 100 – Nasdaq Moderate

FTSE 100 – HangSeng Weak
FTSE 100 -  Kospi Weak

Nasdaq – HangSeng Weak 

Nasdaq - Kospi Weak
HangSeng - Kospi Moderate

4.0 Co-integration using Association Rule Mining
The association rules try to discover association or correlation relationships among a 
large set of data items. They identify collections of data attributes that are statistically 
related in the underlying data. An association rule is of the form X => Y where X and Y 
are disjoint conjunctions of attribute-value pairs. The confidence (probability count) of 
the rule is the conditional probability of Y given X, Probability(Y|X), and the support of 
the rule is the prior probability of X and Y, Probability(X and Y).
Support (A => B) = P (A U B).
Confidence (A => B) = P (B|A).



The support count aims at alienating the item sets which occur infrequently within the data set 
and hence are irrelevant in the final associations. The confidence or the probability count
establishes the intensity of the association whether it is weak, moderate or strong.

The present work uses Apriori, a classic algorithm for implementing and finding out association 
rules, that attempts to find subsets which are common to a minimum support count and confirm to 
a minimum probability count. Table 3 summarizes the significant outcomes from Apriori 
association rule mining at various support counts. Table 4 summarizes the cointegration pairs 
with their respective degrees of association.

Table 3: Significant Stock Market Relations at various Support Counts
Support 
Count

Probability 
Count

150 140 130 120

Greater than 
40

Cac 40�:�)�7�6�(��
100
Cac 40�:��
HangSeng
Cac 40�:�� �;�H�W�U�D��
Dax
Kospi�:��
HangSeng
FTSE 100�:��
Nasdaq
Kospi�:���;�H�W�U�D���'�D�[
Nasdaq �:��
HangSeng
Sensex �:���&�D�F������

Cac 40  �:�� �� �)�W�V�H�������� �A��
XetraDax
Cac 40 ^  Ftse100   �:����
XetraDax
Cac 40 ^ XetraDax �:������
Ftse100 
Sensex ^ HangSeng �:��
Kospi
Sensex �:���.�R�V�S�L
XetraDax �:���1�D�V�G�D�T
FTSE 100 �:���1�D�V�G�D�T
Xetra Dax �:���+�D�Q�J�6�H�Q�J
Sensex ^ Cac 40 �:�� �;�H�W�U�D��
Dax

FTSE 100 ^ Nasdaq  �:��
Xetra Dax
FTSE 100 ^ Xetra Dax �:��
Nasdaq
Nasdaq ^ Xetra Dax �:��
FTSE 100
FTSE 100 ^ HangSeng �:��
Xetra Dax
FTSE 100 ^ Xetra Dax �:��
HangSeng
HangSeng ^ Xetra Dax �:��
FTSE 100
Kospi ^ HangSeng �:����
Sensex
Cac 40 ^ Xetra Dax �:��
Sensex
Kospi ^ HangSeng �:��
Nasdaq

Cac 40 �:�� �)�7�6�(�� �������� �A��
Nasdaq ^ Xetra Dax
Cac 40 ^ FTSE 100 �:��
Nasdaq ^ Xetra Dax
Cac 40 ^ Xetra Dax �:��
FTSE 100 ^ Nasdaq
Cac 40 ^ Nasdaq �:��
FTSE 100 ^ Xetra Dax
Cac 40 �:�� �+�D�Q�J�6�H�Q�J�� �A��
Kospi
FTSE 100 �:���+�D�Q�J�6�H�Q�J
Sensex �:���+�D�Q�J�6�H�Q�J

Greater than 
60

Cac 40�:���)�7�6�(��
100
Cac 
40�:�+�D�Q�J�6�H�Q�J
Cac 40�:���;�H�W�U�D��
Dax
Cac 40! 
�: XetraDax!
XetraDax �:���)�7�6�(��
100
HangSeng �:��
Kospi
FTSE 100 �:��
Nasdaq

Cac 40  �:�� �� �)�W�V�H�������� �A��
XetraDax
Cac 40 ^  Ftse100 �:��
XetraDax
Cac 40 ^ XetraDax �:����
Ftse100
Sensex ^ HangSeng �:��
Kospi
Sensex �:���.�R�V�S�L
XetraDax �:���1�D�V�G�D�T
FTSE 100 �:���1�D�V�G�D�T
Xetra Dax �:���+�D�Q�J�6�H�Q�J

FTSE 100 ^ Nasdaq �:��
Xetra Dax
FTSE 100 ^ Xetra Dax �:��
Nasdaq 
Nasdaq  ^ Xetra Dax �:��
FTSE 100
FTSE 100 ^ HangSeng �:��
Xetra Dax
FTSE 100 ^ Xetra Dax �:��
HangSeng
HangSeng ^ Xetra Dax �:��
FTSE 100

Cac 40�:�� �)�7�6�(�� �������� �A��
Xetra Dax 
Cac 40 ^ FTSE 100 �:��
Xetra Dax
Cac 40 ^ Xetra Dax �:��
FTSE 100
Cac 40 �:���+�D�Q�J�6�H�Q�J
 Sensex �:���+�D�Q�J�6�H�Q�J

Greater than 
80

Cac 40�:�� �)�7�6�(��
100
Cac 40 �:�� �;�H�W�Ua 
Dax
Cac40!�:�;�H�W�U�D��
Dax !
XetraDax �:���)�7�6�(��
100

Sensex �:���.�R�V�S�L
XetraDax �:���1�D�V�G�D�T
Cac 40 �:  Hang Seng

FTSE 100 ^ Cac 40 �:��
Xetra Dax
FTSE 100 ^ Xetra Dax �:��
Cac 40
Cac 40 ^ Xetra Dax �:��
FTSE 100
FTSE 100 ^ Nasdaq �:��
Xetra Dax
FTSE 100 ^ Xetra Dax �:��
Nasdaq
HangSeng ^ Sensex �:��
Kospi

Cac40�:�� �)�7�6�(�� �������� �A��
Xetra Dax 
Cac40^ FTSE 100 �:��
Xetra Dax
Cac40^ Xetra Dax �:��
FTSE 100

! represents a downward movement



Table 4: Degrees of Cointegration among stock indices using Apriori Algorithm
Stock Indices Degree of Association

Cac40 – FTSE 100 Strong
Cac 40 - Xetra Dax Strong
 Cac 40 – Nasdaq Strong

Sensex-Kospi Strong
Cac 40 – HangSeng Strong

XetraDax – FTSE 100 Strong
XetraDax – Nasdaq Strong

Cac40- FTSE100-XetraDax Strong
XetraDax – HangSeng Moderate
FTSE 100 – Nasdaq Moderate
Cac40- HangSeng Moderate
HangSeng – Kospi Moderate

FTSE 100 – HangSeng Weak
Nasdaq – HangSeng Weak 
XetraDax – Kospi Weak
Sensex – Cac 40 Weak

Sensex – Xetra Dax Weak
Cac40 - FTSE 100 - Nasdaq  - Xetra Dax Weak

5.0 Conclusion
The assumption of stationary series is hardly satisfied in economic and financial 
modeling. Transformation of the data to reduce the effect of non-stationarity may lead to 
inaccurate inferences. To achieve stationariity, the signal is decomposed into small series 
of segments which can be assumed to be near stationary without any loss of information. 
The paper outlines such a noble approach of determining long-run relationships among 
stock markets. The approach is a loss-less approach that filters the high-frequency shocks 
from the low frequency signals. The approach also provides a measure of information 
variations incorporated at different levels of decompositions in-depth analysis. Using data 
from the stock markets of France, Germany, England, USA, India, Hong Kong and South 
Korea, the Wavelet analysis finds a strong co-integration between France-UK, France-
Germany and France-US, India-South Korea, Germany–UK and Germany-US stock 
indices. It also exposes a moderate relationship between the India–Hong Kong, France-
Hong Kong, Germany– Hong Kong, UK- USA and Hong Kong-South Korea stock 
indices.

The analysis using Apiori association data mining reveals a similar scenario of co-
integration among the selected stock markets. However, the association mining that 
suggests a strong co-integration between France-Hong Kong indices though the Wavelet 
approach suggests a moderate co-integration between them.

The wavelet theory presents a faster and a more efficient method to derive the results as it 
gives a cumulative information variation at various levels of decomposition, which are 
most suitable for deriving long-run relationships. Morover, the Apriori algorithm calls for 
assigning the support counts and this demands a large number of trials to derive the 
appropriate results.
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